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Entangled states are crucial for modern quantum enabled technology which makes their creation
key for future developments. In this paper, a robust quantum control methodology is presented to
create entangled states of two typical classes, the W and the Greenberger-Horne-Zeilinger (GHZ). It
was developed from the analysis of a chain of alkali atoms 87Rb interaction with laser pulses, which
lead to the two-photon transitions from the ground to the Rydberg states with a predetermined
magnetic quantum number. The methodology is based on the mechanism of two-photon adiabatic
passage using overlapping chirped pulses and interplaying the Rabi frequency, the one-photon de-
tuning, and the strength of the Rydberg-Rydberg interactions.
Trapped Rydberg atoms can be used as viable systems
to study collective phenomena in many-body physics.
The most prominent features of Rydberg atoms are
strong long-range interatomic interactions and an ex-
traordinary long lifetime of the Rydberg states [1, 2].
This make Rydberg atoms an effective platform to sim-
ulate interacting spin systems in order to understand
and control quantum properties, e.g., magnetism, co-
herence and entanglement. Due to the importance of
these properties, the ability to generate entangled states
on demand is paramount to modern quantum-enabled
technology. Typical, complementary classes of entangled
states are the GHZ states [3–5], important for quantum
information processing and quantum metrology, and the
W states [6, 7] relevant for quantum communication and
quantum cryptography [8–12]. There has been a number
of proposals to generate the GHZ and the W entangled
states with electron or nuclear spin systems in a vari-
ety of arrangements. In [13] such states are generated
on nuclear spins by the global control method implying
transverse magnetic fields and using optimization proce-
dure for the spin rotation and free evolution parameters.
In [14] a programmable quantum simulator is used for a
sophisticated manipulation of entanglement in Rydberg
qubit states of atomic arrays incorporating local effective
detunings for higher selectivity of excitation by optimal
field shapes. In [15, 16] the stimulated Raman adiabatic
passage scheme (STIRAP) combined with the Rydberg
blockade was proposed to create GHZ states (but not the
W states) in the manifold of low-lying states, with the
Rydberg blockade eliminating losses from the Rydberg
states. In contrast to previous proposals presented, in
this paper a method is developed to operate on the se-
lective (hyper)fine magnetic sublevels of the ground and
the Rydberg atoms using µs pulses having MHz chirp
rate. Quantum control of population transfer by the
pulse chirping produces adiabatic passage to a desired
superposition state leading to a generation of either the
GHZ or W type state. The distinguishing feature of our
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quantum control method for creating multipartite entan-
gled states is the use of a simple analytical function for
the phase of the incident pulses to perform two-photon
adiabatic transitions. Such phase may be robustly pro-
duced by a liquid crystal pulse shaper. The Rabi fre-
quencies associated with the two incident pulses have to
completely overlap as this condition is known to be re-
quired for the two-photon adiabatic passage [17, 18]. The
method is applicable to a system of an arbitrary num-
ber of atoms with the conceptual demonstration in the
framework of the three-atomic system.
The design of the W and the GHZ states is performed
on a model of a chain of alkali atoms 87Rb trapped in an
optical lattice with periodic structure. Each atom is con-
sidered a three-dimensional subsystem with the ground
state |g〉, the transitional, excited state |e〉 and the Ryd-
berg state |r〉. The GHZ state is a quantum superposition
of all subsystems in the ground state |g〉 and all in an ex-
cited state, such as |r〉. For a three-atomic system, the
GHZ state reads
|GHZ〉 = |rrr〉+ |ggg〉√
2
. (1)
The W state is a quantum superposition of all possible
pure states in which one subsystem is in state |g〉, while
all other ones are in state |r〉. For the three-atomic sys-
tem, the W state reads
|W 〉 = |grr〉+ |rgr〉+ |rrg〉√
3
. (2)
The energy of these states depends on the pairwise inter-
action strength between Rydberg atoms Vij determined
by the location of Rydberg atoms in the optical lattice,
which specifies the distance between them rij . The in-
teraction strength is proportional to r−6ij and r
−3
ij for the
van der Waals and dipole-dipole type of interactions re-
spectively.
In the case of atoms in a one-dimensional optical lat-
tice, the repulsive van der Waals interaction is Vij =
C6/r
6
ij = C6/(s/(n−1))6, where C6 is the van der Waals
interaction constant, s is the length of the chain of n
atoms equidistantly separated by s/(n− 1). Since Vij is
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2FIG. 1. The manifold of magnetic sublevels in ultracold
87Rb, relevant for the studies of the electron dynamics.
distance dependent, it may be used as a control param-
eter to prepare the target state having a predetermined
energy by manipulating the optical lattice.
In order to generate an entangled state with prede-
termined properties, we investigated the mechanisms of
two-photon excitation of a chain of coupled three-level
atoms and revealed the range of parameters of the laser
fields which induce the desirable transitions. These tran-
sitions stir the atomic system into a superposition state
with predetermined entanglement properties. This is the
essence of a quantum control scheme design. For gen-
eration of the W and GHZ states, the control scheme
makes use of two linearly chirped laser fields. The Rabi
frequency, the one-photon detuning and the strength of
Rydberg-Rydberg interaction are the key elements in the
quantum control scheme, with a specific correlation of
values between them leading to a desirable superposition
state.
In alkali atoms having one valence electron, the spin
information is conveniently encoded in the magnetic sub-
levels existing within the hyperfine states (mF ). For
the Rydberg atoms, spin states are the projections of
the electron spin-angular momentum on the quantiza-
tion axis (mJ). In Fig.(1), a schematic of addressed
magnetic subevels - the spin states - is shown. These
are the ground |g〉 state |5S1/2, F = 1,mF = 0〉, the
intermediate |e〉 state |5P1/2, F = 1,mF = 1〉 and the
Rydberg |r〉 state |43D3/2,mJ = 3/2,mI = 1/2〉; they
form a three-level ladder subsystem. The Zeeman split-
ting is made to exceed the collective state energy shift in-
duced by Rydberg blockade to address magnetic sublevels
selectively. Here we choose the next-neighbor Rydberg-
Rydberg interaction strength to be 80MHz and the value
of B = 102G. In 87Rb such magnetic field induces
the Zeeman split of the |5S1/2, F = 1〉 state equal to
∆E|FmF 〉 = −70MHz and that of the |5P1/2, F = 1〉
state equal to ∆E|FmF 〉 = −23MHz. The Rydberg
state |Jmj , ImI〉 gets the Zeeman split ∆E|JmJ ,ImI〉 =
158MHz for J = 3/2, gJ = 1.13. This splitting is within
the range of the fine structure, which is a few hundreds
MHz (∼ 1/n3) for the Rydberg state of n=43 [1]. Thus all
three chosen magnetic sublevels are within a respective,
single (hyper)fine splitting, securing no overlap of differ-
ent (hyper)fine states. These magnetic sublevels are cou-
pled by two σ+1,2 circularly polarized pulses having carrier
frequencies ω1(t) and ω2(t). The pulse duration is 1 µs,
which satisfies the condition 1/τ < ∆EZeeman to resolve
Zeeman structure.
A chain of three-level ladder subsystems, coupled via
the |r〉 states to reproduce the van der Waals interactions,
is used as a model system to describe atoms in a one-
dimensional, periodic, optical lattice and to design the
W and the GHZ spin entangled states.
The total Hamiltonian that describes the interaction
of atoms modeled by the three-level ladder subsystems
with optical fields reads Hˆtot = Hˆ0 + VˆΩ. Here Hˆ0 is
the atomic Hamiltonian, which includes the Rydberg-
Rydberg interaction between atoms, and the VˆΩ is the
atom-field interaction Hamiltonian, which describes the
interaction of optical pulses with trapped atoms.
A methodology to create the W and the GHZ
states. The quantum control methodology to create the
entangled, multipartite spin states is deduced from the
dressed state analysis of Hˆ0 + VˆΩ, which for N coupled
three-level ladder subsystems reads [19]
Hˆ(t) = ΣNi=1(∆− α1(t− tc))σ(i)ee +
ΣNi=1(δ − (α1 + α2)(t− tc))σ(i)rr +
ΣNi=1[
Ω1(t)
2 (σ
(i)
ge + σ
(i)
eg ) +
Ω2(t)
2 (σ
(i)
er + σ
(i)
re )] +
ΣNi,j=1Vijσ
(i)
rr σ
(j)
rr . (3)
Here σ
(i)
km = |k〉〈m|, where k,m = g, e, r, the Vij describes
the Rydberg-Rydberg interaction, the ∆ and δ are the
one-photon and the two-photon detunings, the Ω1(t) =
µegE01(t)/~ and the Ω2(t) = µreE02(t)/~ are the time-
dependent Rabi frequencies that couple the |g〉 → |e〉 and
|e〉 → |r〉 states respectively, shown in Fig.(1), and αi,
i=1,2 is the linear chirp rate of the applied pulses, which
are Ei(t) = E0i(t) sin (ωi(t− tc) + αi(t− tc)/2) having
the pulse envelope E0i(t) = E0ie
(t−tc)2/(2τ20 ) with the
peak value E0i at the central time tc.
For a three-atomic linear chain, this Hamiltonian was
written in the field interaction representation in a collec-
tive state basis |k,m, j〉, (k,m, j = g, e, r), having dimen-
sion 3N = 27. A truncated matrix Hamiltonian reads
Hˆ(t) =

3ω1 Ω1 0 . . . 0 . . . 0
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3FIG. 2. Energy of the bare states in the field interaction rep-
resentation as a function of time; w1 = 0, w2 = ∆−α1t, w3 =
δ − (α1 + α2)t.
Here ω1 = 0, ω2 = ∆ − α1(t − tc) and ω3 = δ − (α1 +
α2)(t − tc), and Vmax = V21 + V32 + V31. The time-
dependent Schro¨dinger equation with this matrix Hamil-
tonian was used for the numerical analysis of the evolu-
tion of the collective states which was solved numerically
using Runge-Kutta method [20].
The control scheme was deduced from the mathemat-
ical analysis of the Hamiltonian in the field-interaction
representation. The energy of the required bare states
(the diagonal elements of the Hamiltonian (4)) were
equated to derive the time of the resonance, (see be-
low). From the consideration of the Hamiltonian ma-
trix elements it follows that since Vij > 0 in the expres-
sions of bare state energies, in order to achieve a voided
crossing with the ground collective state having zero en-
ergy, the two-photon detuning has to be negative and the
chirp rate has to be negative in order to give a positive
slope. Multiple numerical analysis of the populations of
the states as a function of the Rydberg-Rydberg interac-
tion Vmax, the Rabi frequency Ω01(2)(t), the one-photon
detuning ∆, the two-photon detuning δ and the chirp
rate α1,2 supported our analysis of analytical functions
for the energy of the bare states.
The quantum control scheme is developed by engineer-
ing the desirable avoided crossings of the energy of the
bare states in the field interaction representation lead-
ing to a predetermined quantum superposition state at
the end of the pulse. The energy of these bare states
is shown in Fig.(2) as a function of time together with
quantitative values. Adiabatic passage on a collective
state manifold is induced by two pulses with the same
chirp rate α1 = α2 = α and giving fully overlapping
Ω1(t) and Ω2(t). In order to generate the GHZ state,
the collective Rydberg state |rrr〉 energy has to perform
the only avoided crossing with the energy of the ground
state |ggg〉 during the pulse duration. To satisfy this
condition, the control scheme implies the following re-
quirements for the field parameters: i) The one-photon
and two-photon detunings ∆ and δ must be negative in
sign so that they give the starting negative values of the
collective state energies; ii) Chirp rate αi has to be neg-
ative and |αiτ0| ≥ |Vmax| so that the energy slope is
positive and the energy of the collective Rydberg state
|rrr〉 will cross the zero energy of the initial state |ggg〉
ω1=0. iii) The detunings must satisfy |∆|  |δ| so
that the transitional states dependent on ∆ are signif-
icantly shifted and do not resonate with |ggg〉 during the
pulse duration. The time of the crossing of the Ryd-
berg state with the ground state - the resonance time -
is tres = (δ/2 + (V21 +V32 +V31)/3)/α+ tc, here tc is the
time of the peak value of the Gaussian pulse envelope. If
2(V21 +V32 +V31) = 3δ, the resonance occurs at the peak
intensity of the field. For the GHZ state formation it is
important that at the time when the crossing between
the |ggg〉 and the |rrr〉 occurs, the chirp of both pulses
gets turned off fast enough to prevent further popula-
tion of the intermediate states. The above methodology
is also used to generate the three-atomic W state. In
contrast to the GHZ state formation, here the magni-
tude of the chirp parameter is preserved till the end of
the pulse. It is required in order to move the laser fre-
quency through all relevant, collective transitional states
in atoms to form the W state by the end of the pulse.
For the GHZ state, the peak Rabi frequency has to be
larger than the maximum collective energy shift Vmax.
For the W state formation, the control scheme works in
both regimes, Ω1,2 ≶ Vmax. (Here the sign < corresponds
to the Rydberg blockade regime, when a single atom Ry-
dberg excitation blocks the excitation of the second atom
to the Rydberg state within a predetermined distance).
The W and GHZ three-atomic states are then control-
lably generated by sweeping through the Rabi frequency
and the ∆ values for a given Rydberg-Rydberg interac-
tion strength. They are generated because the applied
fields having parameters in accordance with the above
requerements induce the evolution primarily in the |ggg〉
and |rrr〉 states relevant for the GHZ state and, alterna-
tively, in the |rrg〉, |grr〉, and |rgr〉 states relevant for the
W state formation.
In numerical calculations the following values of the
parameters of the fields were used: the pulse duration
τ0 = 1µs, the chirp rate α1,2 = −100MHz/µs, the two-
photon detuning δ = −1.3MHz, the one-photon detun-
ing ∆ in the range from 0 to −4GHz, and the peak Rabi
frequency of both applied pulses Ω01(2) in the range from
0 to 400 MHz. The maximum Rydberg-Rydberg energy
shift was Vmax = V21 + V32 + V31 = 200MHz.
The population at the end of the pulse of the compo-
nents forming the GHZ state and the W state is presented
in Fig.(3,a,b) and in Fig.(4,a,b), respectively. For the
GHZ state creation, the equal values of the populations
of |ggg〉 and |rrr〉 states are then derived numerically.
The contour plot in Fig.(3,c) reveals using the red color
when they are equal and provides with the field param-
eters needed to produce the GHZ state.
E.g., for ∆=-1.9 GHz and Ω1,2/Vmax = 1.5, the time
dependence of the population of the ground |ggg〉 and
the excited |rrr〉 states, shown in Fig.(3,d), demonstrates
4FIG. 3. Population of a) the ground state |ggg〉 and
b) the excited state |rrr〉 as a function of a range of one-
photon detuning ∆ and the ratio Ω1,2/Vmax, where Vmax =
V21 + V32 + V31; c) Contour plot of the |ggg〉 and |rrr〉 over-
lap with the equal population |aggg|2 = |arrr|2 = 1/2 to
form the GHZ state; d) Population of states as a function of
time leading to a generation of the GHZ three-atomic state at
the end of the pulse duration, ∆=-1.9 GHz, Ω1,2/Vmax=1.5,
Vmax=200MHz.
adiabatic passage leading to generation of the entan-
gled GHZ three-atomic state. In order to create the
W state, the required parameters of the fields are ob-
tained from the contour plots showing equal values of
the populations of the respective states |rrg〉, |grr〉, and
|rgr〉 at the end of the pulse, plotted in Fig.(4,c). Here
the red line shows the W state formation. The dy-
namics of the population of the |rrg〉, |grr〉, and |rgr〉,
forming the W state is shown in Fig.(4,d) for ∆=-4.8
×100 MHz and Ω1,2/Vmax=0.5. It is quasi-adiabatic
with small-amplitude oscillations of non-adiabatic na-
ture. For experimental realizations the values τ0 = 1µs,
α1,2 = −100MHz/µs, δ = −1.3MHz, and ∆=-1.9
GHz, Ω1,2/Vmax=1.5 for the GHZ state or ∆=-0.48 GHz,
Ω1,2/Vmax=0.5 for the W state creation may be explored.
Conclusion. A quantum control methodology for
generation of multipartite entangled states involving
coherent superpositions of ultracold Rydberg atoms is
presented based on the two-photon adiabatic passage
on the selected state manifold using circularly polarized
and linearly chirped pulses. Selectivity of states is
achieved through the choice of the one-photon detuning,
the ratio of the Rabi frequency to the collective coupling
strength and the chirp rate. The methodology is simple
in experimental realization implying equal a.c. Stark
shifts and linearly chirped pulses. It is assumed for
FIG. 4. Population of a) state |rgr〉 and b) the excited state
|grr〉 and |rrg〉 as these states are identical, as a function of
a range of one-photon detuning ∆ and the ratio Ω1,2/Vmax,
where Vmax = V21 + V32 + V31; c) Contour plots of the over-
lap of |rgr〉, |rrg〉 and |grr〉 states having equal population
|argr|2 = |agrr|2 = |arrg|2 = 1/3, the central overlap (red) line
shows the formation of the W state; d) The time dependence
of the population of the |rgr〉, |rrg〉 and |grr〉 states leading to
the formation of the W state at the end of the pulse duration,
∆=-0.48 GHz, Ω1,2/Vmax=0.5, Vmax=200MHz.
a generation of entangled states of different classes in
various configurations of atoms, e.g., spin chains and
arrays. While quantum optimization algorithms [21, 22]
are beneficial for large systems with vanishing spectral
gaps, our analytical method is more practical for systems
of tens of atoms.
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